Abstract: We establish a simpli ed form of the axisymmetric Fokker-Planck-Landau operator. In doing so, we derive a weak formulation of this operator on which we get directly the conservation properties and the decay of the entropy as it is the case for the three dimensional operator 6]. A symmetrized version of this formulation leads to a class of numerical schemes which satisfy these physical properties at the discrete level. Fast numerical algorithms used in 5] 15] are shown to be e cient in the cylindrical geometry. Finally, some numerical tests are presented at the end of this paper.
Introduction
The Fokker-Planck-Landau (FPL) equation is used for the description of binary collisions between charged particles, for which the interaction potential is the long-range Coulomb interac- The FPL collision operator is the limit of the Boltzmann operator for a sequence of scattering cross section which converges in a convenient sense to a delta function at zero scattering-angle 1] 9]. In the case of a Coulomb interaction, the FPL collision operator is obtained as the leading term of the cut-o Boltzmann operator when the parameter of the cut-o tends to zero 7] . The problem of the convergence (in some sense) of the solutions to the homogeneous Boltzmann equation towards those of the FPL equations in the grazing collisions limit has been investigated in a recent work 24] . This last study includes the physical interesting case of Coulomb interactions. In this paper we are concerned with numerical aspects of the FPL operator in the particular case when the distribution function has a cylindrical symmetry with respect to the velocity variable. This geometry is a natural context for the laser-produced plasma interactions.
The FPL operator can be written in a weak formulation as follows (1.5) N is the density number of particles, and v th is the thermal velocity which is linked to the temperature T of the gas by the relation v th = s kT m where k is the Boltzmann constant, m the mass of one particle and u is the mean velocity of the particles.
We shall say that a function is a collisional invariant if d dt translating the decay of the kinetic entropy H = R R 3 f lnf dv.
These are three fundamental properties that govern the evolution of particles in the plasma. A good numerical discretization of the FPL operator has to obey this physical behavior, and so has to satisfy discrete analogues of the three properties. Such a discretization ensures for instance the relaxation (in time) of the distribution function to the right Maxwellian. Various works have been concerned with numerical schemes for the FPL equation. We mention in particular 3] for the isotropic case and 19] 20] 25] for the axisymmetricproblems. We also refer to 10] for a time-implicit scheme to solve the FPL equation and to 14] for a mass conserving nite volume scheme. All these works satify at least one (usually the conservation of mass) of the above physical properties but never simultaneously both of them. Morever, such schemes are of quadratic complexity and the computational cost is big. In a recent past, discretizations of the three dimensional FPL operator that satify all the above physical properties have been performed rst in 6], and second in 5] 15] using fast numerical algorithms. The use of rapid numerical scheme is of crucial importance when one wants to solve realistic problems in plasma physics i.e. with the presence of the transport term or/and a self-consistent force term (VlasovPoisson-FPL system). In 23] a di erence scheme to solve the Vlasov-Fokker-Planck system is introduced and a convergence result of this scheme is established in one dimension (for space and velocity). The operator considered in 23] is a linear and one-dimensional collisional operator. Finally numerical analyis and approximations of other Fokker-Planck models in plasma physics has been investigated in 8].
In this paper we are concerned with the expressions of the collision operator and its numerical discretizations when the distribution function f presents a cylindrical symmetry. More precisely, let (I; J; K) a canonical basis of R ? in the weak formulation (2.9), we obtain the conservation of mass, parallel momentumand energy. Letting now = ln f, we obtain the decay of the entropy. Conversely, the only functions for which R R R+ Q(f; f)(V ) (V )v ? dV = 0 for all f (or equivalently for which the vector ( . This fact can be proved as in the three dimensional case 6].
The numerical approximation of the axisymmetric operator entails a symmetrization of the continuous formulation with respect to the axis (v ? = 0). The functions f and are then extended to R R to even functions with respect to v ? . Using this symmetrization, we obtain a numerical scheme satisfying the conservation of mass, parallel momentum and energy, the decay of the entropy, and the fact that the only steady states are Maxwellians. The present numerical study treats the Coulombian case (of physical interest) as well as the Maxwellian case ( = 0) which enables us to compare the numerical results with exact solutions 16].
Recently, conservative and entropy discretizations of the axisymmetric FPL operator were investigated in 11], but our approach is di erent and simpler: rst the expression of the operator is explicitly computed (the integration with respect to the angle is carried out), and second, the spurious collisional invariants are eliminated in a very simple way and no perturbation process is needed. Furthermore, we show in section 4 how the fast algorithms that were preformed in a 3D computation can be applied in the cylindrical geometry case. These fast algorithms dramatically reduce the numerical cost without destroying the physical properties of the scheme and its accuracy.
The paper is organized as follows: In section 2 we present a simple expression of the axisymmetric FPL operator and give a symmetrized version with respect to the axis. In section 3 we present a numerical discretization of the axisymmtric FPL operator that preserves all the physical properties described above at the discrete level. In section 4 we show how to use fast algorithms without a ecting the properties of the scheme and its accuracy. Finally, in section 5 we give some numerical tests illustrating the e ciency of such discretizations and such algorithms. 
for all test function (V ). The nullspace of (V; Of course, the weak formulation (2.9) is equivalent to the following explicit expression of the collision operator:
Now, in order to obtain discretizations of the axisymmetric FPL operator that preserve the conservation and entropy properties at the discrete level, we have to make sure that the discretization keeps the symmetry between the variables V and V 0 that allows to write a weak formulation similar to (2.9) at the discrete level. Yet one problem in a such a discretization is how to discretize near the axis under the constraints that all the physical properties described above have to be satis ed. To overcome this problem, we rst extend the distribution function f to an even function with respect to the orthogonal component de ned on R R instead of R R + . To preserve this property during the time evolution, we must have an even collision operator with respect to the orthogonal component. Observing that if (V ) is even/odd with respect to v ? then @ k (V ) is even/odd and @ ? (V ) is odd/even with respect to v ? , we obtain the following formulation in which the axis is not a boundary of the integration domain as in (2.9) 
Such a discretisation has the following properties: i) Conservation of mass, parallel momentum and energy:
iii) The collisional invariants (i.e. the even sequences such that P i2Z Z ji ? + . This is equivalent to say that the only discrete steady states (i.e. the sequences f such that Q( f; f) = 0) are the discrete Maxwellians (i.e. the exponentials of linear combinations of the above three quantities).
Proof. Using the nite di erence operators given by (3.25), we de ne the approximation Q( f; f) i of Q(f; f)(V i ) by the following explicit formulas:
+s(i ? + An approximation is then obtained for the coe cients of the matrix by simply truncating these expansions (the two or three rst terms are su cient in general). This approximation does not a ect the conservation properties, Indeed, a simple computation shows that the vector 
Fast algorithms:
Our aim in this section is to reduce the numerical complexity (and then the computational cost) of the axisymmetric FPL operator. Precisely, we will show that the fast algorithms developed for the 3-dimensional operator 5] 15] can also be applied in a cylindrical geometry.
sub-lattices method:
Let a be an integer (a 2), and let us de ne the following approximation of the axisymmetric Landau operator on the same velocity grid as de ned above: Thus, this discretization satis es the properties i) and ii) of proposition 3.1. (conservation and entropy). However and as in the 3-dimensional case 5], the property iii) of proposition 3.1 is not satis ed. Non physical collisional invariants (and then non Maxwellian steady states) can be generated by this approximation (see 5] for details) . To solve this problem, we introduce the following new approximation: where N is the total number of the regular velocity points in the discretized domain. In general we choose b = a + 1 and use alternatively a or b at each time step. When N is of the order of 1000 points, the integer a can take the values a = 7 or 8 and then the computational cost is divided by a factor of the order of 50.
Multigrid Monte Carlo method:
In this section we present an algorithm which reduces the complexity of the axisymmetric FPL operator (fromula (2.9)) from O(N 
Multipole expansions:
This strategy is deterministic and is an alternative method to the multigrid Monte Carlo method. We use the multigrid hierarchy to obtain integrations on only well separated sets as in (4.44). Here we do not approximate these integrals by Monte Carlo formulas as in (4.45) but use deterministic approximation based on multipole expansions. In the sequel we explain brie y how the method can be applied to the axisymmetric FPL operator and refer the readers to 15] and 12] for more technical details of the method. As for the 3-dimensional case 15], the main observation is that the velocities V and V 0 in (4.44) k , this is called multipole expansions. In this paper, we only consider a multipole approximation at the 0 order. The numerical tests presented at the end of the paper show that the order 0 su ces for a good approximation of the FPL operator. Note that the multipole approximations only concerns the term (V; V 0 ; cos ), all the other terms in the matrix~ (V; V 0 ) are replaced by their exact value at the points of the velocity grid. At this level of the application of multipole expansions, the total cost is reduced to O(N ln N) which is the same as for the Monte Carlo method. The use of multipole approximations presents at least two main advantages: the deterministic character of the strategy and its high accuracy. Indeed, the order of the multipole expansions enables to control the error of the method and a very small order su ces to ensure a good accuracy. Note that only the order 0 su ces to obtain almost the same accuracy as Multigrid Monte Carlo methods. In the multipole expansions, the approximation concerns only the relative velocity while all the terms under the integrals (4.44) are approximated in Monte Carlo integrations, thus, for the particular case of maxwellian potential ( = 0), no approximation is needed and the multipole method has the same accuracy as the quadratic discretization and has a linear complexity.
We recall that the complete use of the Fast Multipole Method (FMM) introduced by Greengard and Rokhlin 12] would give a complexity of the order CN instead of N ln N. But the constant C is big and therfore the FMM method is only interesting for su ciently large N. On the other hand, the use of an explicit in time scheme to solve the homogeneous FPL equation leads to a CFL condition that does not allow large values of N. This CFL condition is explicitly established in the particular case of isotropic distribution functions 4]. Thus, an interesting open problem is to nd an implicit scheme to solve the homogenous FPL equation which would be conservative, entropic and non expensive.
Some numerical results
We choose the velocity domain of the form C 0 = 0; vmax] ?vmax=2; vmax=2] and consider a regular discretization in N points of this domain. As in ( 6] ), the weak formulation (3.26) of FPL operator can also be written for a bounded domain. The details about this point are not given in this paper since the reduction to a bounded domain is performed in the same way as in ( 6] ). We take N = (2n+1) 2n. Precisely, the points of the velocity grid are V i = (i k ; i ? + The following numerical tests will concern both the Maxwellian case where the results are compared with an analytic solution, and the Coulombian case. The three fast algorithms will be tested and compared: the sublattices method presented in section (4.1), the multigrid Monte Carlo method presented in section (4.2) and the multigrid multipole approximations presented in section (4.3).
Maxwellian case ( = 0)
We take the initial distribution function in the class of isotropic exact solutions of the homogeneous On gure 1 we can see that the nal distribution function (obtained by the three numerical algorithms of section 4) coincides with the Maxwellian that has the same parameters as the initial data. This shows equivalently that the only collisional invariants are linear combinations of the mass, the parallel momentum and the energy. On gure 2, we have ploted the evolution in time of the entropy using the three algorithms together with the exact evolution . We see that we obtain a good appoximation of the entropy with a little bit more accurate results for the sublattices and multipole methods. The relative quadratic errors between the exact analytic solution and the approximate solution is ploted on gure 3 and 4. We can also see that the sublattices and mutipole methods are more accurate than the Monte Carlo method with a comparable computational cost (in terms of CPU time, see the table below). Figures 1,2,3 ,4 are performed with N = 33 16 velocity points. On gure 5 we give the evolution in time of the relative quadratic errors for various velocity paths (or various values of N). On gure 6 the evolutions in time of the order 4 moment makes clear the advantage of the sublattices and multipole methods. Notice however that the relative variation of this moment is small. In all the numerical tests of this paper, we use a time-explicit scheme. In the table below, we give the CPU time per iteration (in time) required by the three algorithms and compare them with the computational cost of the quadratic axisymmetric scheme (discretization of proposition 3.1). These CPU times are carried out on the Computer DEC AlphaServeur 2100 4/275 OSF/1(Digital UNIX). On g. 7, again we see that the nal numerical distribution function coincides with the Maxwellian whose parameters (mass, mean velocity and temperature) are the macroscopic quantities determined from the initial distribution . On the following table we give the maximum relative error (with respect to their initial value) on the mass, the parallel momentum and the energy : On g. 8, we can see the decay of the entropy and again observe that the Monte Carlo method relaxes to a slightly di erent state. The anisotropy of the initial data (about the mean velocity) enables us to see the relaxations of the temperatures in parallel and orthogonal directions to the temperature of the Maxwellian equilibrium state (which is isotropic about the mean velocity), see g. 9. In these last two tests and also on g. 10 we remark that the mutipole method is a little bit less accurate than the two other methods, but converges to the the right value. The increase of the accuracy of the multipole method certainly needs mutipole expansions of higher orders but this would naturally increase the computational cost of the method. The same observation can be done on gure 10. Now, in order to illustrate the need of two sublattice sizes to eliminate spurious collisional invariants (see section 4.1), we plot on gure 11 two relaxations of the value of f at the center of the grid. The rst one is obtained by using only one sublattice size a=6, and the second uses two mutually prime integers a=6, and b=7. We then see that the rst curve does not converge to the value of the Maxwellain at the center of the grid. Figures 7,8 
Conclusion
We have established a simpli ed expression of the FPL operator in a cylindrical geometry. As for the three dimensional case 6], this expression is written in a weak formulation from which we have derived conservative and entropic discretizations. A symmetrization and appropriate discretizations have been used to treat the problem near the axis (for the cylindrical geometry). A second part of this work was concerned with the application of fast algorithms to such discretizations. These algorithms were already shown to be e cient in the three dimensional case 5]). Various numerical tests were presented in this paper and comparisons between these fast methods in both Coulombian and Maxwellian cases were given. The axisymmetric FPL eqation is of great interest for physical applications mainly in the laser-plasma interactions and in astrophysics areas. For that purpose, the study of the space inhomogeneouse case is necessar and will be investigated in a future work.
Aknowledgments: I Would like to thank P. Degond for many helpful discussions. 
